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Abstract
A method is proposed with which the locations of the roots of the monic symbolic
quintic polynomial x5 ` a4 x4 ` a3 x3 ` a2 x2 ` a1 x ` a0 can be determined using the
roots of two resolvent quadratic polynomials: q1 pxq “ x2 ` a4 x ` a3 and q2 pxq “
a2 x2 ` a1 x ` a0 , whose coefficients are exactly those of the quintic polynomial. The
different cases depend on the coefficients of q1 pxq and q2 pxq and on some specific
relationships between them. The method is illustrated with the full analysis of one
of the possible cases. Some of the roots of the symbolic quintic equation for this case
have their isolation intervals determined and, as this cannot be done for all roots
with the help of quadratic equations only, finite intervals containing 1 or 3 roots, or
0 or 2 roots, or, rarely, 0, or 2, or 4 roots of the quintic are identified. Knowing the
stationary points of the quintic polynomial, lifts the latter indeterminacy and allows
one to find the isolation interval of each of the roots of the quintic. Separately, using
the complete root classification of the quintic, one can also lift this indeterminacy.
The method also allows to see how variation of the coefficients of the quintic affect
its roots. No root finding iterations or any numerical approximations are used and
no equations of degree higher than 2 are solved.

Mathematics Subject Classification Codes (2020): 26C10, 12D10.
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1 Introduction
As it is neither possible to get the roots of an equation of degree five or higher in terms
of radicals (Abel–Ruffini theorem) nor it is possible to find a closed-form solution of such
equations [1], the localization of the real roots of the quintic equation by determination
of their isolation intervals or by finding finite intervals containing m ´ 2n ě 1 real roots
(where m ď 4 and n “ 0, 1, 2) would prove to be a valuable benefit when one deals with
a quintic equation. This is especially important in situations in which the coefficients of
the quintic depend on the parameters of the phenomenon modeled by the equation —
as numerical methods become rather involved in such cases.
For example, in celestial mechanics, in the closed Sun–Earth system, for a test body at
the Lagrange point L1 (which is along the axis Sun–Earth, about 1.5 ˆ 106 km from
Earth’s centre inside Earth’s orbit), the gravitational field of the Earth balances that
of the Sun. The orbital period of the test body will be exactly equal to the orbital
period of the Earth. Hence, objects at L1 tend to “stay put” (the libration point L1 is
unstable). The point L1 provides an uninterrupted view of the Sun and the Solar and
Heliospheric Observatory Satellite (SOHO) has been at the L1 point since 1995. The
distance between the centre of the Earth and the Lagrange point L1 is the only positive
root of a quintic equation whose coefficients involve the reduced mass of the Earth (in
units of the total mass of the system) and the assumed constant distance between the
Earth and the Sun (there are four other Lagrange points in the Sun–Earth system).
Root classification and complete root classification of parametric polynomials have been
extensively studied — see [2] and the references therein. The root classification provides
the collection of all possible cases of the polynomial roots and consists of a list of the
multiplicities of all roots (real and complex). The complete root classification consists of
the root classification, together with the conditions which the equation coefficients should
satisfy for each of the cases of the root classification. Neither the root classification, nor
the complete root classification deal with the location of the roots of the polynomial.
The complete root classification for the depressed monic quintic, x5 ` px3 ` qx2 ` rx ` s,
is proposed in 1996 by Yang, Xiaorong, and Zhen [2]. It is as follows. Introducing:
D2 “ ´p,

(1)
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D3 “ 40rp ´ 12p ´ 45q ,
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D4 “ 12p r ´ 4p q ` 117prq ´ 88r p ´ 40p qs ` 125ps ´ 27q ´ 300qrs ` 160r ,

(3)

3
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D5 “ ´1600qsr ´ 3750ps q ` 2000ps r ´ 4p q r ` 16p q s ´ 900rs p

` 825p2 q 2 s2 ` 144pq 2 r 3 ` 2250q 2 rs2 ` 16r 4 p3 ` 108p5 s2 ´ 128r 4 p2 ´ 27q 4 r 2

` 108q 5 s ` 256r 3 ` 3125s4 ´ 72p4 rsq ` 560p2 r 2 sq ´ 630prsq 4 ,
2 3
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E2 “ 160r p ` 900q r ´ 48rp ` 60q p r ` 1500pqrs ` 16q p ´ 1100qp s
` 625s2 p2 ´ 3375q 3 s,
2

F2 “ 3q ´ 8rp,

(4)

3

(5)
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one has:
1
2
3
4
5
6
7
8
9
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D5
D5
D5
D5
D5
D5
D5
D5
D5
D5
D5
D5

ą 0 ^ D4 ą 0 ^ D3 ą 0 ^ D2 ą 0
ą 0 ^ pD4 ď 0 _ D3 ď 0 _ D2 ď 0q
ă0
“ 0 ^ D4 ą 0
“ 0 ^ D4 ă 0
“ 0 ^ D4 “ 0 ^ D3 ą 0 ^ E2 ‰ 0
“ 0 ^ D4 “ 0 ^ D3 ą 0 ^ E2 “ 0
“ 0 ^ D4 “ 0 ^ D3 ă 0 ^ E2 ‰ 0
“ 0 ^ D4 “ 0 ^ D3 ă 0 ^ E2 “ 0
“ 0 ^ D4 “ 0 ^ D3 “ 0 ^ D2 ‰ 0 ^ F2 ‰ 0
“ 0 ^ D4 “ 0 ^ D3 “ 0 ^ D2 ‰ 0 ^ F2 “ 0
“ 0 ^ D4 “ 0 ^ D3 “ 0 ^ D2 “ 0

t1, 1, 1, 1, 1u
t1u
t1, 1, 1u
t2, 1, 1, 1u
t2, 1u
t2, 2, 1u
t3, 1, 1u
t1u
t3u
t3, 2u
t4, 1u
t5u

The lists in the figure brackets in the third column, in Yang, Xiaorong, and Zhen notation, show the multiplicities of the real roots. For example, t2, 1, 1, 1u means five real
roots: one double and three simple.
The goal of this work is to provide a tool for finding the isolation intervals of some of the
real roots of the monic symbolic quintic equation x5 ` a4 x4 ` a3 x3 ` a2 x2 ` a1 x ` a0 “ 0
and, for the roots for which this is not possible, to allow the determination of finite intervals containing clusters of roots. Despite the complexity of the quintic equation, this can
be achieved with the help of the roots of two resolvent quadratics, q1 pxq “ x2 ` a4 x ` a3
and q2 pxq “ ´a2 x2 ´ a1 x ´ a0 , and the end-point of the isolation or clustering intervals
will turn out to be the roots of these two quadratics (some other resolvent quadratic
equations will also be used in the analysis). The coefficients of the resolvent quadratics
are exactly those of the original quintic. The parabola q2 pxq is viewed as an element
of a congruence of parabolas ´a2 x2 ´ a1 x ´ α, which differ from each other by their
free term and which foliate the xy-plane. The localization of the roots is achieved by
“splitting” the quintic equation into an equation for the intersection points of x3 q1 pxq
and q2 pxq. The analysis is very easy due to the fact that x “ 0 is (at least) a triple root
of the quintic x3 q1 pxq and this makes the curve x3 q1 pxq very easy to study, alongside
the congruence of parabolas. The localization of the roots of the quintic equation also
allows to see how the coefficients of the equation affect the roots.
As can be seen from the above complete root classification, despite the complexity of
the conditions for the various cases, one can eliminate all of the indeterminacy associated with the method proposed in this work by depressing the quintic (x Ñ x ´ a4 {5)
and studying the resulting D2 , D3 , D4 , D5 , E2 , and F2 . Hence, one will know the
exact number of roots within the intervals determined by the roots of the two resolvent
quadratic polynomials: q1 pxq “ x2 ` a4 x ` a3 and q2 pxq “ a2 x2 ` a1 x ` a0 .
No quartic or cubic equations will be solved in this work, even though finding the stationary points of the given quintic will allow the determination of the isolation interval
of each root of the quintic. Also, no root finding iterations or numerical methods of any
kind will be used.
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2 The Method
Consider the general monic quintic equation
Qpxq ” x5 ` a4 x4 ` a3 x3 ` a2 x2 ` a1 x ` a0 “ 0

(7)

whose coefficients a0 , a1 , a2 , a3 , and a4 are fixed given real numbers (whatever values
they may have) and whose real roots are denoted by xi (these can be 1, or 3, or 5).
Let ξi denote the stationary points of the quintic (these can be 0, or 2, or 4). There is
just one real root of the quintic if it has no stationary points, or there are one or three
real roots in case of two stationary points, or there are one, or there, or five real roots
(counted with their multiplicities) in case of four stationary points.
A key element of the method is to “release” the fixed given coefficient a0 so that it can
be varied. In this way, the given quintic x5 ` a4 x4 ` a3 x3 ` a2 x2 ` a1 x` a0 (with fixed a0 ,
along all other coefficients) can be viewed as an element of a one-parameter congruence
of quintics which foliate the xy-plane. For the curves of this congruence, a1 , a2 , a3 , and
a4 are all fixed and the different quintics differ from each other by their free term only.
Within the congruence, there are several privileged quintics. The one for which the
free term is zero, will be referred to as separatrix quintic, namely, this is the quintic
Q0 pxq “ x5 ` a4 x4 ` a3 x3 ` a2 x2 ` a1 x which passes through the origin. In addition to
the separatrix quintic, there are further 0, or 2, or 4 privileged quintics Qi pxq (counted
with their multiplicities). These are the quintics for which the abscissa is tangent to
their graphs at the stationary point ξi . Note that all quintics from the congruence have
the same set of stationary points. As will be addressed further, the free term of each of
the privileged quintics Qi pxq, with i ą 0, is given by αi “ a0 ´ Qpξi q — see Figure 1a.
Each of the privileged quintics Qi pxq has (at least) a double root at ξi . That is, Qi pξi q “ 0
and Q1i pξi q “ 0 both hold.
Another key element of the method, based on the analysis of [3], is to view the given
quintic equation (7) as
x3 q1 pxq “ q2 pxq,

(8)

where x3 q1 pxq ” x3 px2 ` a4 x ` a3 q and q2 pxq ” ´a2 x2 ´ a1 x ´ a0 . Then the real roots
xi of the quintic equation (7) are the intersection points of these two curves.
The two quadratic equations
q1 pxq ” x2 ` a4 x ` a3 “ 0,
2

´q2 pxq ” a2 x ` a1 x ` a0 “ 0,

(9)
(10)

will be referred to as first and second resolvent quadratic equations. The roots of these
quadratic equations will be used for the localization of the roots of the quintic equation.
Note that in the quadratic q2 pxq, the coefficient a0 can still vary. In this manner, the
xy-plane is foliated by a congruence of parabolas with different free term (or straight
lines, should a2 happen to be zero). The curve x3 q1 pxq intersects the different parabolas
of this congruence at either 1, or 3, or 5 points. As each privileged quintic Qi pxq
4

has (at least) a double root, “splitting” the privileged quintics into two components,
x3 q1 pxq and ´a2 x2 ´ a1 x ´ αi , and equating them, leads to up to four quintic equations
each of which has a root of order (at least) two. These double roots are exactly the
stationary points ξi of the original quintic equation and at these stationary points, both
x3 q1 pxq “ ´a2 x2 ´ a1 x ´ αi and rx3 q1 pxqs1 “ p´a2 x2 ´ a1 x ´ αi q1 hold. Namely, the
curves x3 q1 pxq and ´a2 x2 ´ a1 x ´ αi have the same value at the stationary point ξi and,
further, at the stationary point ξi , the tangents to the two curves coincide — see Figure
1b.
The second of the above two simultaneous equations,
x4 ` ax3 ` bx2 ` cx ` d “ 0,

(11)

with a “ p4{5qa4 , b “ p3{5qa3 , c “ p2{5qa2 , and d “ p1{5qa1 is the equation for the
stationary points ξi of the original quintic. This equation will be referred to as auxiliary
quartic equation. It is a general quartic equation and the locations of its roots ξi can be
studied with the analysis presented in [4] — with the help of its own set of corresponding
resolvent and auxiliary equations.
If one solves explicitly the quartic equation (11) to determine the stationary points ξi
of the quintic, then the privileged quintics Qi pxq can be immediately identified by the
determination of their free terms with the former of the two simultaneous equations:
αi “ a0 ´ Qi pξi q,

(12)

(as mentioned earlier).

Figure 1a

Figure 1b

A sample quintic Qpxq with five real roots, the separatrix quintic Q0 pxq, and the four privileged quintics
Qi pxq for which the abscissa is tangent to their graph
at the stationary point ξi , i.e. the stationary points
of Qpxq are stationary points and also double roots
for Qi pxq.

The two “components” of the privileged quintics
Qi pxq, namely, the quintic x3 px2 `a4 x`a3 q (common
for all of them) and the quadratic a2 x2 ` a1 x ` αi . At
the stationary points ξi , the curves x3 px2 ` a4 x ` a3 q
and ´a2 x2 ´ a1 x ´ αi have the same value and their
tangents coincide.

5

Then, it suffices to order the determined αi ’s into a set with increasing values, with the
given a0 in its place within this set, and hence find the isolation interval of each root of
the given quintic equation in a straightforward manner.
For example, suppose that on Figure 1b, the quadratic q2 pxq “ ´a2 x2 ´ a1 x ´ a0 (not
shown on the graph) has free term a0 satisfying ´α3 ă 0 ă ´α1 ă ´α2 ă ´a0 ă ´α4 .
That is, suppose that the parabola q2 pxq “ ´a2 x2 ´ a1 x ´ a0 is between the uppermost
two parabolas on Figure 1b. Then, the roots xi of the quintic equation satisfy the
following. There is a negative root x3 which is between ξ4 and the bigger of the smaller
root of the quadratic equation a2 x2 ` a1 x ` α2 “ 0 and the smaller root φ2 of the
quadratic equation x2 ` a4 x ` a3 “ 0. There is another negative root, x2 , which is
greater than ξ4 . There is also a positive root x1 between ξ2 and φ1 — the bigger root of
the quadratic equation x2 ` a4 x ` a3 “ 0. The remaining two roots are complex.
As another example, suppose that on Figure 1b one has ´α3 ă 0 ă ´α1 ă ´a0 ă
´α2 ă ´α4 , i.e. the parabola q2 pxq “ ´a2 x2 ´ a1 x ´ a0 is between the second and the
third parabolas from the top. Then the isolation intervals of the roots of the quintic
are as follows. As before, there is a negative root x5 between ξ4 and the bigger of the
smaller root of the quadratic equation a2 x2 ` a1 x ` α2 “ 0 and the smaller root φ2 of the
quadratic equation x2 ` a4 x ` a3 “ 0. Also as before, there is a negative root x4 greater
than ξ4 . Next, there is a positive root x3 between the bigger root of a2 x2 ` a1 x ` α1 “ 0
and ξ2 . Another positive root, x2 , lies between ξ2 and ξ1 . Finally, there is a third positive
root x1 between ξ1 and φ1 — the bigger root of the quadratic equation x2 ` a4 x` a3 “ 0.
As a final example in the vein of Figure 1b, if one has ´α4 ă ´a0 , i.e. the parabola
q2 pxq “ ´a2 x2 ´a1 x´a0 is above the uppermost parabola, then the quintic equation has
a single positive root greater than the smaller of the bigger root of a2 x2 ` a1 x ` a0 “ 0
and the bigger root φ1 of x2 ` a4 x ` a3 “ 0 and smaller than the larger of the latter two.
As the goal of this work is to propose a method for localization of the roots of the quintic
equation by solving quadratic equations only and without recourse to cubic and quartic
equations, one cannot have knowledge of the stationary points ξi . Respectively, the αi ’s
cannot be known either. Hence, some residual indeterminacy will remain — similar, but
significantly reduced than the one associated with the Descartes’ rule of signs. It will
still be possible to determine the isolation intervals of some of the roots of the quintic
equation by solving quadratic equations with coefficients taken from those of the quintic
equation. The indeterminacy can be lifted by using the complete root classification of
the quintic (see the Discussion in Section 5).
Consider again the auxiliary quartic equation (11) for the stationary points ξi of the
quintic equation (7). The idea is to determine, also by solving quadratic equations only,
the number of real roots of this equation and their location. For that, one needs to
determine the stationary points µi of the auxiliary quartic, that is, the curvature change
points of the given quintic. These are the roots of the first auxiliary cubic equation
x3 `

c
3a4 2 3a3
a2
3a 2 b
x ` x`
” x3 `
x `
x`
“0
4
2
4
5
10
10

6

(13)

The discriminant of this equation is
ˆ
˙
˙
ˆ
1728 2 10368
4 2
3456 2 3 2
p3q
∆1 “ ´
a2 ´
a4
a4 ´ a3 a2 `
a3
a4 ´ a3 .
25
125
15
125
10

(14)

p3q

Set ∆1 “ 0 and consider the obtained as a quadratic equation for the unknown a2 (with
a3 and a4 treated as parameters). This will be the third resolvent quadratic equation
˙
˙
ˆ
ˆ
6a4 4a24
2a23 3a24
2
x `
(15)
´ a3 x ´
´ a3 “ 0.
5
15
5
4
The roots c1,2 of the third resolvent quadratic equation are:
? b
2
p2a24 ´ 5a3 q3 ,
c1,2 pa3 , a4 q “ c0 pa3 , a4 q ˘
25

(16)

where c0 pa3 , a4 q “ p3{5qa4 a3 ´ p4{25qa34 .
If c2 ď a2 ď c1 , then the third resolvent quadratic equation will have two real roots and,
p3q
hence, the discriminant ∆1 will be non-negative and the first auxiliary cubic equation
(13) will have three real roots. Otherwise, (13) will have only one real root. Therefore,
if c2 ď a2 ď c1 , then the auxiliary quartic equation (11) will have 0, or 2, or 4 real roots
ξi , that is, the number of stationary points of the quintic equation could be 0, or 2, or
4 and, thus, the number of its real roots would be 1, or 3, or 5. If however, a2 R rc2 , c1 s,
then the number of roots of the auxiliary quartic equation (11) would be either 0 or 2,
i.e. the stationary points of the quintic would be either 0 or 2 and, hence, the number
of its real roots would be either 1 or 3.
The auxiliary quartic equation (11) can be approached in a manner similar to the one
used for the quintic equation (7) — see [4] for the classification of the roots of the monic
symbolic quartic equation in terms of the coefficients of the quartic. Firstly, one treats
the free term d as a parameter that can be varied. Therefore, one has a foliation of
the xy-plane with a congruence of quartics differing by their free term only. Next, from
within this congruence, one identifies the separatrix quartic x2 px2 ` ax ` bq ` cx and the
privileged quartics x2 px2 ` ax ` bq ` cx ` δi (whose number is either 1 or 3) for which
the abscissa is tangent to the graph at the stationary point µi of the auxiliary quartic,
that is, the curvature change points of the quintic. Then, one “splits” the quartics as
follows (see [4] for details):
x2 px2 ` ax ` bq “ ´cx ´ d,

(17)

At the curvature change points µi of the quintic, the straight line ´cx ´ δi (with i ą 0)
is tangent to the “sub-quartic” x2 px2 ` ax ` bq.
With the “split” (17), one obtains a congruence of straight lines ´cx ´ d which foliate
the xy-plane.
If one solves the auxiliary cubic equation (13) and determines the points µi , from the
auxiliary quartic (11) equation, one immediately finds that
δi “ ´µ4i ´ aµ3i ´ bµ2i ´ cµi .
7

(18)

Then, the isolation intervals of each root of the auxiliary quartic equation can be easily
determined — see [4]. However, the exact values of the roots µi will not be sought as
only quadratic equations will be solved.
The analysis of the two “components” of the quintic, that is x3 q1 pxq and q2 pxq, is absolutely straightforward.
The left-hand side x3 q1 pxq of (8) has a root at x “ 0 of order at least 3. Its other two
roots are the roots φ1,2 of the quadratic equation q1 pxq “ x2 ` a4 x ` a3 “ 0, namely:
b
1
1
a24 ´ 4a3 .
φ1,2 “ ´ a4 ˘
(19)
2
2
These are real for a3 ď p1{4qa24 .
The stationary points of x3 q1 pxq are: the saddle at x “ 0 and the points
c
15
2
2
χ1,2 “ ´ a4 ˘
a24 ´ a3 .
5
5
4

(20)

The latter two exist if a3 ď p4{15qa24 .
At the stationary points χ1,2 , the left-hand side x3 q1 pxq of (8) takes the values:
˙3ˆ
˙
ˆ
b
b
1
2
3
2
2
´2a4 ` 10a3 ˘ a4 4a4 ´ 15a3 .
χ1,2 q1 pχ1,2 q ” f1,2 “
´2a4 ˘ 4a4 ´ 15a3
3125
(21)
The curvature change points of the left-hand side x3 q1 pxq of (8) are:
c
10
3
3
σ1,2 “ ´ a4 ˘
a24 ´ a3 .
10
10
3

(22)

These are real for a3 ď p3{10qa24 .
All possibilities for x3 q1 pxq of (8) are shown on Figures 2a to 2o.
Should a2 ‰ 0, the roots of the right-hand side q2 pxq of (8) are:
b
a1
1
ψ1,2 “ ´
a21 ´ 4a0 a2 .
˘
2a2 2a2

(23)

These are real for a21 ´ 4a0 a2 ě 0.
The right-hand side of (8) has either one stationary point,
ω“´

a1
,
2a2

(24)

should a2 ‰ 0, or no stationary points [q2 pxq is a straight line when a2 “ 0].
At its stationary point ω, the quadratic q2 pxq takes the value
q2 pωq ” g “

a21
´ a0 .
4a2
8

(25)

All possibilities for q2 pxq of (8) are shown on Figures 3a to 3i.
Altogether, there are 135 possible cases: each of the 15 cases on Figures 2a to 2o for
x3 q1 pxq with each of the nine cases for q2 pxq on Figures 3a to 3i. But, as can be seen
from the graphs, not all cases are qualitatively different and, in addition, the existing
symmetry reduces further the number of qualitatively different possibilities.
In Section 4, one of these cases will be analyzed fully. The remaining ones could be done
in a similar manner.
3 Application of the Method
First, for any given a3 and a4 [that is, whatever the “sub-quintic” x5 ` a4 x4 ` a3 x3 is],
the coefficient a2 of the quadratic ´a2 x2 ´ a1 x ´ a0 “selects” whether the full quintic
(7) will have one, or three, or five real roots (should a2 P rc2 , c1 s) or whether it will have
one or three real roots only (should a2 R rc2 , c1 s). As first step in the analysis, the value
of a2 relative to c1 and c2 should be determined.
Second, the coefficient a1 “determines” the exact number of roots of the auxiliary quartic
equation (11) (see [4] for details), that is, the exact number of stationary points of the
quintic (7). By solving cubic equations, the isolation interval of each real root of the
auxiliary quartic equation can be determined [4]. If cubic equations are not to be solved
and the analysis is done by solving quadratic equations only, then there would be some
residual indeterminacy [4]. This steps necessitates the determination, following [4], of the
number of roots of the auxiliary quartic equation (11), that is, the number of stationary
points of the quintic.
Third, the free term a0 “selects” the position of the parabola ´a2 x2 ´a1 x´a0 among the
congruence of parabolas and hence, the exact number of roots of the quintic (7). When
the stationary points of the quintic are known and, thus, the αi ’s are known, then, by
putting the elements of the set of all αi ’s in increasing order and by determining the
place of a0 in that set, the isolation interval of each real root of the quintic can be
immediately found. The end-points of the isolation intervals would be the stationary
points of the quintic and the roots of the resolvent quadratic equations. Otherwise, when
only quadratic equations are solved and, hence, the αi ’s cannot be explicitly known,
then, as already mentioned, there would be some residual indeterminacy. What could
be determined in this case are either isolation intervals or root clustering intervals (the
latter containing 1 or 3 real roots, or containing 0 or 2 real roots, or, very rarely,
containing 0, or 2, or 4 real roots) with end-points given by the roots of the resolvent
quadratic equations.
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Figure 2a

Figure 2b

Figure 2c

Figure 2d

Figure 2e
a4 ą 0 and
0 ă a3 ď p1{4qa2
4
The point x “ 0
is a triple root of
x3 q1 pxq “ 0. The
other two roots of
x3 q1 pxq “ 0 are
φ1,2 b
“ ´p1{2qa4 ˘

a4 “ 0 and a3 “ 0

a4 “ 0 and a3 ą 0

a4 “ 0 and a3 ă 0

a4 ą 0 and a3 “ 0

The point x “ 0 is
a quintuple root of
x3 q1 pxq “ 0. The
saddle at x “ 0 is
the only stationary
point.

The point x “ 0
is a triple root of
x3 q1 pxq “ 0. The
other two roots of
x3 q1 pxq “ 0 are
complex. The saddle
at x “ 0 is the only
stationary point.

The point x “ 0
is a triple root of
x3 q1 pxq “ 0. The
other two roots of
x3 q1 pxq ?“ 0 are
φ1,2 “ ˘ ´a3 . The
stationary points of
x3 q1 pxq?are: χ1,2 “
˘p1{5q ´15a3
(a
local maximum at
χ2 ă 0 and a local
minimum at χ1 ą 0)
and the saddle at
x “ 0.

The point x “ 0
is a quadruple root
of x3 q1 pxq “ 0 (including φ1 “ 0).
The other root of
x3 q1 pxq “ 0 is
φ2 “ ´a4 .
The
stationary points are
a local minimum at
x “ 0 (including
χ1 “ 0) and a local
maximum at χ2 “
´p4{5qa4 .

Figure 2g

Figure 2h

Figure 2i

Figure 2j

a4 ą 0 and
p1{4qa2
4 ă a3 ď
p4{15qa2
4

a4 ą 0 and
p4{15qa2
4 ă a3 ď
p3{10qa2
4

a4 ą 0 and
p3{10qa2
4 ă a3

a4 ą 0 and a3 ă 0

a4 ă 0 and a3 “ 0

The point x “ 0
is a triple root of
x3 q1 pxq “ 0. The
other two roots
of x3 q1 pxq “ 0
are complex. The
quintic x3 q1 pxq still
exhibits the two
stationary
points
χ1,2 b
“ ´p2{5qa4 ˘

The point x “ 0
is a triple root of
x3 q1 pxq “ 0. The
other two roots
of x3 q1 pxq “ 0
are complex. The
quintic
x3 q1 pxq
has a saddle at
x “ 0 and no
further stationary
points (χ1,2 are
both complex in
this case). There
are two curvature
change
points
σ1,2 “b
´p3{10qa4 ˘

The point x “ 0
is a triple root of
x3 q1 pxq “ 0. The
other two roots of
x3 q1 pxq “ 0 are
complex. The quintic x3 q1 pxq has a
saddle at x “ 0
and no further stationary points (χ1,2
are both complex in
this case).

Figure 2f

p1{5q 4a24 ´ 15a3
(a local maximum
at χ2 ă 0 and a
local
minimum
at χ1 ă 0). In
addition to them,
x3 q1 pxq
has
a
saddle at x “ 0.

p1{10q 9a24 ´ 30a3
(both negative).
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The point x “ 0
is a triple root of
x3 q1 pxq “ 0. The
other two roots of
x3 q1 pxq “ 0 are
φ1,2 b
“ ´p1{2qa4 ˘

p1{2q a24 ´ 4a3
(φ1
is
positive and φ2 —
negative,
with
|φ2 | ą |φ1 |). The
stationary
points
of x3 q1 pxq are:
χ1,2 b
“ ´p2{5qa4 ˘
p1{5q 4a24 ´ 15a3
(a local maximum
at χ2 ă 0 and a
local minimum at
χ1 ą 0) and the
saddle at x “ 0.

p1{2q a24 ´ 4a3 —
both negative. The
stationary
points
of
x3 q1 pxq
are:
χ1,2 b
“ ´p2{5qa4 ˘

p1{5q 4a24 ´ 15a3
(a local maximum at
χ2 ă 0 and a local
minimum at χ1 ă 0)
and the saddle at
x “ 0.

The point x “ 0
is a quadruple root
of x3 q1 pxq “ 0 (including φ2 “ 0).
The other root of
x3 q1 pxq “ 0 is φ1 “
´a4 . The stationary points are a
local maximum at
x “ 0 (including
χ2 “ 0) and a local
minimum at χ1 “
´p4{5qa4 .

Figure 2k

Figure 2l

Figure 2m

Figure 2n

Figure 2o

a4 ă 0 and
0 ă a3 ď p1{4qa2
4

a4 ă 0 and
p1{4qa2
4 ă a3 ď
p4{15qa2
4

a4 ă 0 and
p4{15qa2
4 ă a3 ď
p3{10qa2
4

a4 ă 0 and
p3{10qa2
4 ă a3

a4 ă 0 and a3 ă 0

The point x “ 0
is a triple root of
x3 q1 pxq “ 0. The
other two roots of
x3 q1 pxq “ 0 are
φ1,2 b
“ ´p1{2qa4 ˘

The point x “ 0
is a triple root of
x3 q1 pxq “ 0. The
other two roots
of x3 q1 pxq “ 0
are complex. The
quintic x3 q1 pxq still
exhibits the two
stationary
points
χ1,2 b
“ ´p2{5qa4 ˘

The point x “ 0
is a triple root of
x3 q1 pxq “ 0. The
other two roots
of x3 q1 pxq “ 0
are complex. The
quintic
x3 q1 pxq
has a saddle at
x “ 0 and no
further stationary
points (χ1,2 are
both complex in
this case). There
are two curvature
change
points
σ1,2 “b
´p3{10qa4 ˘

The point x “ 0
is a triple root of
x3 q1 pxq “ 0. The
other two roots φ1,2
of x3 q1 pxq “ 0 are
complex. The quintic x3 q1 pxq has a
saddle at x “ 0
and no further stationary points (χ1,2
are both complex in
this case).

p1{2q a24 ´ 4a3 —
both positive. The
quintic x3 q1 pxq still
exhibits the two
stationary
points
χ1,2 b
“ ´p2{5qa4 ˘

p1{5q 4a24 ´ 15a3
(a local maximum
at χ2 ą 0 and a
local
minimum
at χ1 ą 0). In
addition to them,
x3 q1 pxq
has
a
saddle at x “ 0.

p1{5q 4a24 ´ 15a3
(a local maximum
at χ2 ą 0 and a
local
minimum
at χ1 ą 0). In
addition to them,
x3 q1 pxq
has
a
saddle at x “ 0.

p1{10q 9a24 ´ 30a3
(both positive).

The point x “ 0
is a triple root of
x3 q1 pxq “ 0. The
other two roots of
x3 q1 pxq “ 0 are
φ1,2 b
“ ´p1{2qa4 ˘

p1{2q a24 ´ 4a3
(φ1
is
positive and φ2 —
negative,
with
|φ2 | ă |φ1 |). The
stationary
points
of x3 q1 pxq are:
χ1,2 b
“ ´p2{5qa4 ˘
p1{5q 4a24 ´ 15a3
(a local maximum
at χ2 ă 0 and a
local minimum at
χ1 ą 0) and the
saddle at x “ 0.

4 Example with a4 ą 0, a3 ă 0, a2 ą 0, a1 ă 0 (Case of Figure 2i with
Figure 3c) — Full Analysis
p5q

Consider first the quintic Q1 pxq “ x5 `x4 ´2x3 `p5{6qx2 ´p1{8qx`a0 on Figures 4a and
4b. As the coefficient of the quadratic term, a2 “ 5{6, is between the roots c2 “ ´3.71
and c1 “ 0.99 of the third resolvent quadratic equation (16), the quintic can have zero, or
two, or four stationary points — these are the roots of the auxiliary quartic equation (11)
and, therefore, the number of real roots of the quintic could be one, or three, or five. The
auxiliary quartic equation (11) for this quintic is x4 `p4{5qx3 ´p6{5qx2 `p1{3qx´1{40 “ 0.
The analysis on Figure 1.13 in [4] shows that the auxiliary quartic equation has four real
roots (one of which is negative and the rest — positive). Hence, depending on the value
of the free term of the quintic, and also on the value of the linear term of the quintic,
the number of real roots can be one, or three, or five.
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Figure 3a

Figure 3b

Figure 3c

Figure 3d

Figure 3e

a2 ą 0 and a1 “ 0

a2 ą 0 and a1 ą 0

a2 ą 0 and a1 ă 0

a2 “ 0 and a1 “ 0

a2 “ 0 and a1 ą 0

If a0
ď
0,
the
quadratic
q2 pxq has
a roots
ψ1,2 “ ˘ ´a0 {a2 .
If a0 ą 0, the
quadratic q2 pxq has
no real roots. In
either case, there is
a local maximum
at ω “ 0.

If a0 ď a2
1 {p4a2 q,
the quadratic q2 pxq
has roots ψ1,2 “
´a1 {p2a2 q˘1{p2a2 q
b

If a0 ď a2
1 {p4a2 q,
the quadratic q2 pxq
has roots ψ1,2 “
´a
b 1 {p2a2 q˘1{p2a2 q

The right-hand side
q2 pxq of (8) is a
straight line parallel to the abscissa
(or the abscissa itself, when a0 “ 0).

The right-hand side
q2 pxq of (8) is a
straight line with
negative slope intersecting the abscissa at ´a0 {a1
and the y-axis at
´a0 .

a21 ´ 4a0 a2
(ψ2 ă 0, while ψ1
could be negative,
zero, or positive;
|ψ2 | ą |ψ1 |). If
a0 ą a2
1 {p4a2 q,
the quadratic q2 pxq
has no real roots.
In
either
case,
there is a local
maximum at ω “
´a1 {p2a2 q ă 0.

a21 ´ 4a0 a2
(ψ1 ą 0, while ψ2
could be negative,
zero, or positive;
|ψ2 | ă ψ1 ).
If
a0 ą a2
1 {p4a2 q,
the quadratic q2 pxq
has no real roots.
In
either
case,
there is a local
maximum at ω “
´a1 {p2a2 q ą 0.

Figure 3f

Figure 3g

a2 “ 0 and a1 ă 0

a2 ă 0 and a1 “ 0

The right-hand side
q2 pxq of (8) is a
straight line with
positive slope intersecting the abscissa
at ´a0 {a1 and the
y-axis at ´a0 .

If a0
ě
0,
the
quadratic
q2 pxq has
a roots
ψ1,2 “ ˘ ´a0 {a2 .
If a0 ă 0, the
quadratic q2 pxq has
no real roots. In
either case, there is
a local minimum at
ω “ 0.

Figure 3h
a2 ă 0 and a1 ą 0

Figure 3i
a2 ă 0 and a1 ă 0

If a0 ě a2
1 {p4a2 q,
the quadratic q2 pxq
has roots ψ1,2 “
´a
b 1 {p2a2 q˘1{p2a2 q

If a0 ě a2
1 {p4a2 q,
the quadratic q2 pxq
has roots ψ1,2 “
´a1 {p2a2 q˘1{p2a2 q
b

a21 ´ 4a0 a2
(ψ1 ą 0, while ψ2
could be negative,
zero, or positive;
|ψ2 | ă ψ1 ).
If
a0 ă a2
1 {p4a2 q,
the quadratic q2 pxq
has no real roots.
In
either
case,
there is a local
minimum at ω “
´a1 {p2a2 q ą 0.
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a21 ´ 4a0 a2
(ψ2 ă 0, while ψ1
could be negative,
zero, or positive;
|ψ2 | ą |ψ1 |). If
a0 ă a2
1 {p4a2 q,
the quadratic q2 pxq
has no real roots.
In
either
case,
there is a local
minimum at ω “
´a1 {p2a2 q ă 0.

Figure 4a

Figure 4b

As first example, consider a quintic with a4 ą 0, a3 ă
0, a2 ą 0, and a1 ă 0. Shown above is the quintic
p5q
Q1 pxq “ x5 `x4 ´2x3 `p5{6qx2 ´p1{8qx`a0 . As the
coefficient of the quadratic term, a2 “ 5{6, is between
the roots c1,2 of the third resolvent quadratic equation
(16), namely, a2 is between c2 “ ´3.71 and c1 “
0.99, the quintic can have zero, two, or four stationary
points and hence, it can have one, or three, or five
real roots. The exact number of stationary points is
determined, see [4] for details, by the coefficient of
the linear term, a1 “ ´1{8. A very similar picture,
impossible to discern visually from the one above, is
p5q
the graph of the quintic Q2 pxq “ x5 `x4 ´2x3 `3x2 ´

The two “components” of the quintic Q1 pxq [or

p5q

p5q
Q2 pxq]
3
x px2 `

from Figure 4a, namely, the “sub-quintic”
x ´ 2q (same for both of them) and the
quadratic ´a2 x2 ` p1{8qx ´ a0 , where a2 “ 5{6 for
p5q
p5q
Q1 pxq [or a2 “ 3 for Q1 pxq] — again, impossible
to discern visually one from the other. Varying the
quintic coefficient a0 results in “sliding” the quadratics ´a2 x2 `p1{8qx´a0 vertically. If a2 “ 5{6, the sliding quadratic ´p5{6qx2 ` p1{8qx ´ a0 can be tangent
to the “sub-quintic” x3 px2 ` x ´ 2q at 4 points. Thus,
p5q
the quintic Q1 pxq can have 1, or 3, or 5 real roots.
If a2 “ 3, the sliding quadratic ´3x2 ` p1{8qx ´ a0
can be tangent to the “sub-quintic” x3 px2 ` x ´ 2q at
p5q
2 points only. The quintic Q2 pxq can therefore have
either 1 or 3 real roots only. The points at which the
quadratic ´a2 x2 ` p1{8qx ´ a0 can be tangent to the
“sub-quintic” x3 px2 ` x ´ 2q are the roots ξi of the
auxiliary quartic equation (11).

p5q

p1{8qx ` a0 . This quintic differs from Q1 pxq only in
the coefficient of its quadratic term — now one has
a2 “ 3 and such value of a2 is not between c2 “ ´3.71
p5q
and c1 “ 0.99. Hence, Q2 pxq can have either zero or
two stationary points and hence, it can have either one
or three real roots. Again, the number of stationary
points is determined [4] by the coefficient of the linear
term. For both quintics, the exact number of real
roots depends on the coefficient a0 , which is taken as
a varying parameter, so that the quintics can “slide”
vertically.
p5q

This is the full analysis of Q1 :
p5q

(i) When a0 is sufficiently large [a0 “ 1 is sufficiently large for Q1 pxq “ x5 ` x4 ´
2x3 ` p5{6qx2 ´ p1{8qx ` a0 ], the only real root of the resulting quintic x5 ` x4 ´
2x3 `p5{6qx2 ´p1{8qx`1 is the negative x “ ´2.16 — as the quadratic ´p5{6qx2 `
p1{8qx ´ 1 does not “reach” the “sub-quintic” x3 px2 ` x ´ 2q in the fourth quadrant
— see the lowermost quadratic on Figure 4b. The quadratic ´p5{6qx2 ` p1{8qx ´ 1
does not have real roots.
One can find a sufficient condition for not having positive real roots: if the local
13

minimum of the “sub-quintic” (at x ą 0) is greater than the absolute maximum of
the parabola, then there can be no positive roots of the quintic. In this particular
case the local minimum of the “sub-quintic” x3 px2 ` x ´ 2q is ´0.29, while the
absolute maximum of the quadratic ´p5{6qx2 ` p1{8qx ´ 1 is ´0.9953.
(ii) “Sliding” the quadratic ´p5{6qx2 ` p1{8qx ´ a0 up by decreasing a0 will eventually
allow the parabola to “reach” the “sub-quintic” in the fourth quadrant. Taking
a0 “ 1{100, yields the quintic x5 ` x4 ´ 2x3 ` p5{6qx2 ´ p1{8qx ` 1{100. The
real roots of this quintic are three — one negative and two positive: x3 “ ´2.13,
x2 “ 0.44, and x1 “ 0.51.
(iii) Bringing the quadratic ´p5{6qx2 ` p1{8qx ´ a0 further up results in the appearance
of two additional positive roots. Taking a0 “ 6{1000, gives the quintic x5 ` x4 ´
2x3 ` p5{6qx2 ´ p1{8qx ` 6{1000 which has five real roots — one negative and
four positive: x5 “ ´2.13, x4 “ 0.10, x3 “ 0.17, x2 “ 0.30, and x1 “ 0.56. The
fact that the roots of the quadratic ´p5{6qx2 ` p1{8qx ´ 6{1000 are not real is
insignificant. That is, one can still have a quintic with five real roots (one negative
and four positive) when the quadratic has two real roots. For example, for the
quintic x5 ` x4 ´ 2x3 ` p5{6qx2 ´ p5{48qx ` 1{10000, the roots are x5 “ ´2.13,
x4 “ 0.0010, x3 “ 0.26, x2 “ 0.37, and x1 “ 0.50. The resulting quadratic
´p5{6qx2 ` p5{48qx ´ 1{10000 has two real roots: and ψ2 “ 0.0010 and ψ1 “ 0.12.
For as long as the bigger root ψ1 of the parabola is smaller than the bigger root
φ1 of the “sub-quintic”, the number of positive roots (in addition to the unique
negative root) is 0, or 2, or 4.
Note that with the decrease of the free term of the auxiliary quartic equation (11),
that is, with the decrease of the linear term a1 of the quintic, two of the stationary
points of the quintic will eventually disappear, i.e. there will be only two real
roots of the auxiliary quartic equation (11) — see the analysis on Figure 1.13 in
[4]. Hence, it will not be possible to have a quintic with five real roots (with the
decrease of the quintic’s linear term a1 , two of the roots of the auxiliary quartic
equation will coalesce into a double root and then become complex). As example
in this vein, alter the above quintic x5 `x4 ´2x3 `p5{6qx2 ´p1{8qx`6{1000 (which
has five real roots), into the quintic x5 ` x4 ´ 2x3 ` p5{6qx2 ´ 3x ` 6{1000. Two of
the positive roots of the quintic become complex and the real roots are now only
three: the negative x3 “ ´2.29 and the two positive x2 “ 0.002 and x1 “ 1.32.
One can also note from Figure 1.13 in [4] that if the free term of the auxiliary
quartic equation (11) is negative, as it is in the current case, it is not possible to
have a situation with no stationary points of the quintic.
One can summarize that for sub-cases (i), (ii), and (iii), when the bigger root ψ1
of the parabola is smaller than the bigger root φ1 of the “sub-quintic”, there is
a unique negative root smaller than the smaller root φ2 of the “sub-quintic” and
there also are 0, or 2, or 4 (subject to the conditions discussed) positive roots
smaller than the bigger root φ1 of the “sub-quintic”.
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One can also determine a lower bound for the negative root of all quintics in (i),
(ii), and (iii). Firstly, one has to replace x by ´x in the quintic and then seek the
upper root bound. For example, for the quintic x5 `x4 ´2x3 `p5{6qx2 ´p1{8qx`1,
changing x to ´x yields ´px5 ´ x4 ´ 2x3 ´ p5{6qx2 ´ p1{8qx ´ 1q whose roots are the
same as those of x5 ´x4 ´2x3 ´p5{6qx2 ´p1{8qx´1. An upper bound, as proposed in
[5], is the bigger of 1 and the sum of the absolute values of all negative coefficients:
1 ` 2 ` 5{6 ` 1{8 ` 1 “ 119{24 « 4.96. [As x5 ´ x4 ´ 2x3 ´ p5{6qx2 ´ p1{8qx ´ 1 is a
Cauchy polynomial, see [1], i.e. all of its coefficients are negative except the leading
positive coefficient, in this case the bound [5] coincides with the Cauchy bound.]
Hence, the lower bound for the roots of the quintic x5 `x4 ´2x3 `p5{6qx2 ´p1{8qx`1
a
is ´4.96. One can also use, for example, the Kurosh bound [6]: 1 ` k B{a0 ,
where ak (with k ě 1) is, in Kurosh notation, the first negative coefficient (in the
sequence of decreasing powers of x; the leading term having positive coefficient
a0 ) and B is the biggest absolute value of all negative coefficients. For the quintic
x5 ´ x4 ´ 2x3 ´ p5{6qx2 ´ p1{8qx ?
´ 1, one has k “ 1 and B “ 2 and, hence, the
following upper root bound: 1 ` 1 2 “ 1 ` 2 “ 3. The lower root bound for the
quintic x5 ` x4 ´ 2x3 ` p5{6qx2 ´ p1{8qx ` 1 is therefore ´3.
(iv) If a0 ą 0 and the bigger root of the parabola, ψ1 , is greater than the bigger root
φ1 of the “sub-quintic” (see Figure 4b), then this is a sufficient condition for not
being possible to have four positive roots. That is, the number of positive roots of
the quintic (in addition to the single negative root) could be either zero or two. As
example of the former, consider the quintic x5 `x4 ´2x3 `p5{6qx2 ´3x`5{2. For it,
one has ψ2 “ 1.31 and ψ1 “ 2.29, while φ1 “ 1.00. The only real root is x “ ´2.33.
As example for the latter, consider the quintic x5 `x4 ´2x3 `p5{6qx2 ´3x`1 comes
with ψ2 “ 1.37 and ψ1 “ 3.23, while φ1 “ 1.00 again. The roots are: x3 “ ´2.30,
x2 “ 0.35, and x1 “ 1.24
(v) Taking the “separatrix” quadratic (corresponding to a0 “ 0), “slides” one of the
positive roots of the quintic to the origin. In result, one can have either a quintic
with one negative root, a zero root and a positive root: x5 ` x4 ´ 2x3 ` p5{6qx2 ´
p1{8qx (with roots: x3 “ ´2.13, x2 “ 0, and x1 “ 0.60), or a quintic with one
negative root, a zero root and three positive roots: x5 `x4 ´2x3 `p5{6qx2 ´p5{48qx
(with roots: x5 “ ´2.13, x4 “ 0, x3 “ 0.27, x2 “ 0.36, and x1 “ 0.50). The unique
negative root is smaller than the smaller root φ2 of the “sub-quintic” (one needs
to find a lower root bound in order to determine its isolation interval). The one or
three positive roots are smaller than the bigger root φ1 of the “sub-quintic”.
(vi) Taking next a negative value of a0 , “slides” the zero root into the negative part of
the abscissa and hence, in result, one can have either a quintic with two negative
roots and one positive root: x5 ` x4 ´ 2x3 ` p5{6qx2 ´ p1{8qx ´ 1{2 (with roots:
x3 “ ´2.12, x2 “ ´0.48, and x1 “ 0.95), or a quintic with two negative roots
and three positive roots: x5 ` x4 ´ 2x3 ` p5{6qx2 ´ p1{10qx ´ 1{1000 (with roots:
x5 “ ´2.13, x4 “ ´0.009, x3 “ 0.26, x2 “ 0.42, and x1 “ 0.46).
For as long as the bigger root ψ1 of the parabola is smaller than the bigger root φ1
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of the “sub-quintic”, the only positive root or the three positive roots are greater
than the bigger root ψ1 of the parabola and smaller than the bigger root φ1 of the
“sub-quintic”.
One of the two negative roots of the quintic is smaller than the smaller root φ2
of the “sub-quintic” (one needs to find a lower root bound in order to determine
its isolation interval) and the other negative root of the quintic is greater than the
smaller root ψ2 of the parabola.
As in sub-case (iii) above, with the decrease of the free term of the auxiliary quartic
equation (11), that is, with the decrease of the linear term a1 of the quintic, two
of the stationary points of the quintic will eventually disappear, i.e. there will
be only two real roots of the auxiliary quartic equation (11) — see, again, the
analysis on Figure 1.13 in [4]. Hence, it will not be possible to have a quintic with
five real roots. Again, one can also note from Figure 1.13 in [4] that if the free
term of the auxiliary quartic equation (11) is negative, it is not possible to have
a situation with no stationary points of the quintic. As example, alter the above
quintic x5 ` x4 ´ 2x3 ` p5{6qx2 ´ p1{10qx ´ 1{1000 (which has five real roots), into
the quintic x5 ` x4 ´ 2x3 ` p5{6qx2 ´ p1{8qx ´ 1{1000. Two of the positive roots
of the quintic become complex and the real roots are now only three: the negative
x3 “ ´2.14 and the two positive x2 “ 0.008 and x1 “ 0.60.
As in (iv) above, if the bigger root of the parabola, ψ1 , is greater than the bigger
root φ1 of the “sub-quintic”, this is a sufficient condition to eliminate the possibility
of having three positive roots — one can have only one positive root in such case.
As example, the quintic x5 ` x4 ´ 2x3 ` p5{6qx2 ´ p1{8qx´ 1 comes with ψ2 “ ´1.02
and ψ1 “ 1.17 ą φ1 “ 1.00 and has two negative roots: x3 “ ´2.10 and x2 “ ´0.64
and one positive root: x1 “ 1.06.
(vii) Decreasing a0 further, “slides” the parabola upwards. While the smaller root of the
parabola, ψ2 , is greater than the smaller root φ2 of the “sub-quintic” (see Figure
4b), then, in addition to either three or one positive roots, there will necessarily be
two negative roots, one of which is greater than ψ2 and the other — smaller than φ2
(one needs a lower root bound for the determination of the isolation interval of the
latter). For the already considered quintic x5 `x4 ´2x3 `p5{6qx2 ´p1{10qx´1{1000,
one has: ψ1 “ 0.13, ψ2 “ ´0.00928, φ1 “ 1.00, and φ2 “ ´2.00. Hence, one of its
negative roots (in addition to the three positive roots x3 “ 0.26, x2 “ 0.42, and
x1 “ 0.46) is greater than ψ2 “ ´0.00928, namely: x4 “ ´0.00926, and the other
negative root is smaller than φ2 “ ´2.00, that is, x5 “ ´2.13.
(viii) Bringing this parabola further up, results in two of the three positive roots of the
quintic coalescing into a double root and then becoming complex. The quintic,
in addition to its two negative roots (should the smaller root of the parabola,
ψ2 , be still greater than the smaller root φ2 of the “sub-quintic”), will now only
have one positive root — between mintψ1 , φ1 u and maxtψ1 , φ1 u. As example, take
a0 “ ´1{2 and “slide” the quintic of sub-case (vii) up to x5 ` x4 ´ 2x3 ` p5{6qx2 ´
p1{10qx ´ 1{2. One now has: ψ1 “ 0.84, ψ2 “ ´0.72, φ1 “ 1.00, and φ2 “ ´2.00.
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The unique positive root is x1 “ 0.94 — between ψ1 “ 0.84 and φ1 “ 1.00. One
of the two negative roots, namely x2 “ ´0.48, is between ψ2 “ ´0.72 and 0.
The other negative root, x3 “ ´2.12, is smaller than φ2 “ ´2.00. Again, a lower
bound for the smallest roots of quintics, such as those in sub-cases (vii) and (viii),
is needed in order to determine the root isolation intervals of their smallest roots.
(ix) Once a0 is small enough, the smaller root ψ2 of the parabola will become smaller
than the smaller root of the “sub-quintic” — see the uppermost parabola on Figure
4b. Then, in addition to the only positive root, there will be either two negative
roots greater than the smaller root φ2 of the “sub-quintic” or no negative roots at
all.
As example of the former, consider the quintic x5 ` x4 ´ 2x3 ` p5{6qx2 ´ p1{8qx ´ 4.
One has: ψ1 “ 2.27, ψ2 “ ´2.12, φ1 “ 1.00, and φ2 “ ´2.00. The positive root
is x1 “ 1.34 and the negative roots are x2 “ ´1.15 and x3 “ ´1.98 — between
φ2 “ ´2.00 and zero.
The quintic x5 ` x4 ´ 2x3 ` p5{6qx2 ´ p1{8qx ´ 8 has ψ1 “ 3.17, ψ2 “ ´3.02,
φ1 “ 1.00, and φ2 “ ´2.00. The positive root is x1 “ 1.34 and there are no
negative roots.
One can find a sufficient condition for having two negative real roots: if the local
maximum of the “sub-quintic” (at x ă 0) is greater than the absolute maximum
of the parabola, then there will be two negative roots. In the particular case of
the quintic x5 ` x4 ´ 2x3 ` p5{6qx2 ´ p1{10qx ´ 1{2 from sub-case (viii), the local
maximum of the “sub-quintic” x3 px2 ` x ´ 2q is 4.27, while the absolute maximum
of the quadratic ´p5{6qx2 ` p1{10qx ` 1{2 is 0.503. Hence, the quintic has two
negative roots (in addition to the unique positive root).
p5q

Consider next the quintic Q2 pxq “ x5 ` x4 ´ 2x3 ` 3x2 ´ p1{8qx ` a0 .
p5q
p5q
The graph of Q2 pxq is similar to the one of Q1 pxq on Figure 4a — it is impossible
p5q
p5q
to visually discern one from the other. The quintic Q2 pxq differs from Q1 pxq only in
the coefficient of its quadratic term — now one has a2 “ 3 and such value of a2 is not
p5q
between c2 “ ´3.71 and c1 “ 0.99. Hence, the quintic Q2 pxq can have either zero or
two stationary points and hence, it can have either one or three real roots.
p5q
The full analysis of the quintic Q2 is as follows:
p5q

(I) When a0 is sufficiently large [a0 “ 1{2 is sufficiently large for Q2 pxq “ x5 ` x4 ´
2x3 ` 3x2 ´ p1{8qx ` a0 ], the only real root of the resulting quintic x5 ` x4 ´ 2x3 `
3x2 ´ p1{8qx ` 1{2 is the negative x “ ´2.39 — as the quadratic ´3x2 ` p1{8qx ´ 3
does not “reach” the “sub-quintic” x3 px2 ` x ´ 2q — see the lowermost quadratic
on Figure 4b. The quadratic ´p5{6qx2 ` p1{8qx ´ 1{2 does not have real roots.
p5q
As in sub-case (i) for the quintic Q1 pxq, one has the same sufficient condition
for not having positive real roots: if the local minimum of the “sub-quintic” (at
x ą 0) is greater than the absolute maximum of the parabola, then there can be
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no positive roots of the quintic. In this particular case the local minimum of the
“sub-quintic” x3 px2 `x´2q is ´0.29, while the absolute maximum of the quadratic
´3x2 ` p1{8qx ´ 1{2 is ´0.4987.
(II) “Sliding” the quadratic ´3x2 ` p1{8qx ´ a0 up by decreasing a0 will eventually
allow the parabola to “reach” the “sub-quintic”, yielding two positive roots in
addition to the unique negative root. The intersection of the parabola with the
“sub-quintic” can happen in the fourth quadrant only, or in the first quadrant only,
or both in the fourth and first quadrant:
Taking a0 “ 1{760, yields the quintic x5 ` x4 ´ 2x3 ` 3x2 ´ p1{8qx ` 1{760. The
parabola ´3x2 `p1{8qx´1{760 has no real roots, but it “reaches” the “sub-quintic”
in the fourth quadrant. The real roots of the quintic are three — one negative and
two positive: x3 “ ´2.38, x2 “ 0.0020, and x1 “ 0.0023.
Taking a0 “ 1{10000, yields the quintic x5 ` x4 ´ 2x3 ` 3x2 ´ p1{8qx ` 1{10000.
The parabola ´3x2 ` p1{8qx ´ 1{10000 has two real roots: 0.0008 and 0.0408. This
parabola also “reaches” the “sub-quintic” in the fourth quadrant. The real roots
of the quintic are three — one negative and two positive: x3 “ ´2.38, x2 “ 0.0008,
and x1 “ 0.0420.
Taking a0 “ 25{2 and a1 “ 15, yields the quintic x5 ` x4 ´ 2x3 ` 3x2 ´ 15x ` 25{2.
The parabola ´3x2 ` 15x ´ 25{2 has two real roots: 1.06 and 3.94. The parabola
“reaches” the “sub-quintic” in the first quadrant only. The real roots of the quintic
are three — one negative and two positive: x3 “ ´2.87, x2 “ 1.12, and x1 “ 1.24.
Taking a0 “ 10 and a1 “ 15, yields the quintic x5 ` x4 ´ 2x3 ` 3x2 ´ 15x ` 10.
The parabola ´3x2 ` 15x ´ 10 has two real roots: 0.79 and 4.21. The parabola
“reaches” the “sub-quintic” in both the fourth quadrant and in the first quadrant.
The real roots of the quintic are three — one negative and two positive: x3 “ ´2.86,
x2 “ 0.76, and x1 “ 1.49.
One can summarize that for cases (I) and (II) (positive a0 ), when the discriminant
of the parabola is negative (the parabola having no real roots), the quintic has
a unique negative root smaller than the smaller root φ2 of the “sub-quintic” (a
lower root bound is needed for its isolation interval) and there are either zero or
two positive roots smaller than the bigger root φ1 of the “sub-quintic”. If the local
minimum of the “sub-quintic” (at x ą 0) is greater than the absolute maximum of
the parabola, then there can be no positive roots of the quintic.
If the discriminant of the parabola is non-negative (the parabola will then have
two real positive roots) and the smaller root ψ2 of the parabola is smaller than the
bigger root φ1 of the “sub-quintic”, then the quintic will have a unique negative
root smaller than the smaller root φ2 of the “sub-quintic” (a lower root bound is
needed for its isolation interval) and there will be two positive roots: one of them
smaller than the smaller root ψ2 of the parabola and the other — between the
smaller of the bigger root ψ1 of the parabola and the bigger root φ1 of the “subquintic” and the bigger of the two, i.e. between mintψ1 , φ1 u and maxtψ1 , φ1 u.
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If the parabola has a non-negative discriminant and the smaller root ψ2 of the
parabola is greater than the bigger root φ1 of the “sub-quintic”, then the quintic
will have a unique negative root smaller than the smaller root φ2 of the “subquintic” (with lower root bound needed for the determination of its isolation interval) and there will be either zero or two positive roots and these would be either
between the two roots ψ2 and ψ1 of the parabola or would be smaller than the
bigger root φ1 of the “sub-quintic”.
(III) Taking the “separatrix” quadratic (corresponding to a0 “ 0), “slides” one of the
two positive roots of the quintic to the origin. In result, one will have a quintic
with one negative root, a zero root and one positive root. The negative root is
smaller than the smaller root φ2 of the “sub-quintic” (a lower root bound is needed
for its isolation interval) and the positive root is between the smaller of the bigger
root ψ1 of the parabola and the bigger root φ1 of the “sub-quintic” and the bigger
of the two, i.e. between mintψ1 , φ1 u and maxtψ1 , φ1 u.
For example, the quintic x5 ` x4 ´ 2x3 ` 3x2 ´ p1{8qx comes with ψ2 “ 0, ψ1 “
0.04167, φ2 “ ´2, and φ1 “ 1. It should have a negative root smaller than
φ2 “ ´2, a zero root, and a positive root between mintψ1 , φ1 u and maxtψ1 , φ1 u.
Indeed, the roots of the quintic are x3 “ ´2.38, x2 “ 0, and x1 “ 0.04286 —
exactly as predicted.
(IV) Taking next a negative value of a0 , “slides” the zero root of the separatrix quintic
into the negative part of the abscissa and, for as long as the smaller root ψ2 of the
parabola is greater than or equal to the smaller root φ2 of the “sub-quintic”, the
quintic will have two negative roots and one positive root. The smaller negative
roots is smaller than the smaller root φ2 of the “sub-quintic” (a lower root bound
is needed for its isolation interval), the bigger negative root is greater than the
smaller root ψ2 of the parabola. The positive root is between the smaller of the
bigger root ψ1 of the parabola and the bigger root φ1 of the “sub-quintic” and the
bigger of the two.
As example, consider the quintic x5 `x4 ´2x3 `3x2 ´p1{8qx´1. It has: ψ2 “ ´0.56,
ψ1 “ 0.60, φ2 “ ´2, and φ1 “ 1. Clearly, φ2 “ ´2 ă ψ2 “ ´0.56. Hence, there
should be a root smaller than ´2.00, a root between ´0.56 and 0, and a root between 0.60 and 1. Indeed, the roots are: x3 “ ´2.36, x2 “ ´0.48, and x1 “ 0.67.
(V) Sliding the parabola further up (by decreasing a0 ) will eventually result in the
smaller root ψ2 of the parabola becoming smaller than the smaller root φ2 of the
“sub-quintic”. The resulting quintic will then have one positive root between the
smaller of the bigger root ψ1 of the parabola and the bigger root φ1 of the “subquintic” and the bigger of the two, i.e. between mintψ1 , φ1 u and maxtψ1 , φ1 u, and
either no other roots or two negative roots — both greater than the smaller root
φ2 of the “sub-quintic”.
As example of the latter, consider the quintic x5 ` x4 ´ 2x3 ` 3x2 ´ p1{8qx ´ 13. It
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has ψ2 “ ´2.06, ψ1 “ 2.10, φ2 “ ´2, and φ1 “ 1. Clearly, ψ2 “ ´2.06 ă φ2 “ ´2.
The quintic has one positive real root (x1 “ 1.52) and two negative roots greater
than φ2 “ ´2. These are x2 “ ´1.73 and x3 “ ´1.91.
As example of the former, consider the quintic x5 ` x4 ´ 2x3 ` 3x2 ´ p1{8qx ´ 14. It
has ψ2 “ ´2.14, ψ1 “ 2.18, φ2 “ ´2, and φ1 “ 1. Clearly, ψ2 “ ´2.14 ă φ2 “ ´2.
The quintic has one real root only — the positive x1 “ 1.54 — between φ1 and ψ1 .
5 Discussion
It is possible to significantly reduce the number of cases for the general quintic Qpxq “
x5 ` a4 x4 ` a3 x3 ` a2 x2 ` a1 x ` a0 by depressing it, that is, by eliminating the quartic
term with a suitable change of the coordinate system: x Ñ x ´ a4 {5. The resulting
depressed quintic is x5 ` px3 ` qx2 ` rx ` s, where:
2
(26)
p “ ´ a24 ` a3 ,
5
4 3 3
q “
a ´ a3 a4 ` a2 ,
(27)
25 4 5
3 4
3
2
r “ ´
a4 ` a3 a24 ´ a2 a4 ` a1 ,
(28)
125
25
5
4 5
1
1
1
s “
a4 ´
a3 a34 ` a2 a24 ´ a1 a4 ` a0 .
(29)
3125
125
25
5
The depressed “sub-quintic” involved now is x5 ` px3 and it has, instead of 15 possible
cases, only three cases (two of which are qualitatively different) — see Figures 2a, 2b,
and 2c with a3 replaced by p “ ´p2{5qa24 ` a3 .
The example “sub-quintic”, analyzed in the previous section, has a4 “ 1 and a3 “ ´2.
Hence, p “ ´12{5 and Figure 2c applies now (as well as Figure 3c for the parabola). One
can immediately see that the reduction of the total number of possible cases by depressing
the quintic does not provide much benefit: there are hardly any gains associated with the
graph of the “sub-quintic” becoming centrally symmetric (with respect to the origin), as
opposed to the “original” graph on Figure 2i. Separately, the coefficients of the parabola
become too complex and the analysis of the roots of the parabola and the interrelation
between the coefficients of the quintic becomes very tedious.
One can also eliminate the cubic term of the quintic by making the transformation
x Ñ x ´ β, where β is either of the roots of the quadratic equation 10β 2 ´ 4a4 β ` a3 “ 0.
Then there will be only two remaining cases for the resulting depressed “sub-quintic” —
Figures 2d and 2j. However, the coefficients of the depressed quintic without the cubic
term would be even more complicated and the analysis will be even more tedious.
However, despite the complexity of the conditions of the complete root classification of
the quintic, (1)–(6), one can eliminate all indeterminacy of the proposed method, by
calculating D2 , D3 , D4 , D5 , E2 , and F2 for p, q, r, and s given by (26)–(29). Then
the exact number of roots of the quintic within the intervals determined by the roots of
the two resolvent quadratic polynomials q1 pxq “ x2 `a4 x`a3 and q2 pxq “ a2 x2 `a1 x`a0
will be known.
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